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In automotive and home appliance industries, there are many complex-shaped
sheet metal components which need to be fabricated in multiple stamping
operations. For example, the manufacturing of an outer case of washing
machine consists of stamping followed by a bending operation. After the first
stage of the stamping process, a large amount of spring-back takes place, and
therefore, it is difficult to proceed to the next stage of the bending process. In
the stamping process of that kind of sheet component with low geometric con-
straint, the forming area is large compared to the forming depth. Therefore,
the formed part is in an unstable state and is less geometrically constrained,
which causes a large amount of spring-back. To investigate this phenomenon,
finite element analyses are carried out. During a spring-back analysis after
forming, bifurcation takes place and the finite element solution procedure
using the Newton–Raphson scheme becomes unstable. To get a stable post-
bifurcation solution, a bifurcation algorithm is introduced at the bifurcation
point. The deformed shapes obtained from finite element analyses are in good
agreement with the experimental data. From this study, it is shown that the
bifurcation behaviour enlarges the spring-back and the degree of dimensional
error. To obtain additional possible post-bifurcation solutions, non-bifurcation
analyses using initial guesses obtained in a modal analysis are carried. For the
initial guesses, lowed four eigenmodes are utilized. Finally, the post-bifurca-
tion behaviour and spring-back amount are investigated for various process
parameters including the forming depth, punch width and corner radius.
Keywords: bifurcation; post-bifurcation; spring-back; finite element method;
sheet metal forming
1. Introduction
Spring-back is one of the major defects in sheet metal forming processes together with
tearing, wrinkling, and other geometric and surface defects. Various studies have been
carried out to predict and compensate the spring-back phenomenon [1–13]. For example,
Johnson and Singh [1] carried out a spring-back experiment with a hemispherical punch
and investigated the factors affecting spring-back. Levy [2] derived empirical equations
for predicting spring-back in a bending process. Davies and Liu [3] and Liu [4] proposed
*Corresponding author. Email: jyoon@swin.edu.au
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a double-bend technique and obtained nearly 0° of spring-back. Lee el al. [5,6] com-
pared the spring-back predicted by a dynamic explicit finite element method with the
results from a static implicit finite element method. Yoon et al. [8] predicted spring-back
in a sheet metal forming process using a 3D hybrid membrane/shell method. Naceur
et al. [11] designed the sheet forming parameters using a response surface method to
reduce spring-back. Recently, Lee et al. [12] proposed an analytical spring-back model
for lightweight hexagonal close-packed metal.
Most of the spring-back in the sheet metal forming process takes place under an
analytically stable condition, i.e. where the determinant of the stiffness matrix in a static
implicit finite element analysis is greater than zero, with a sufficient amount of geomet-
ric constraint. In a specific problem with a lower amount of geometric constraint, how-
ever, compressive instability, i.e. bifurcation, occurs during the elastic recovery process,
after which the spring-back displacement may become severe. This type of bifurcation
phenomenon during the spring-back stage is often observed after the stamping of sheet
components with low geometric constraint, including an outer case of washing machine.
In order to reduce the process development time and to obtain high precision products,
accurate predictions of spring-back and a modification of the die geometry during the
design stage are required. For a spring-back solution after bifurcation, a bifurcation
algorithm can be introduced. There are two types of finite element analyses that can be
used to solve bifurcation problems: a bifurcation analysis for a structure without imper-
fections and a non-bifurcation analysis with initial imperfections. A non-bifurcation
analysis employing initial imperfections occasionally gives a more reasonable result
than a bifurcation analysis, as all real structures have inherent imperfections, such as
material non-uniformities or geometric unevenness. For the perfect structure without ini-
tial imperfections such as simple buckling problems, a bifurcation algorithm is neces-
sary at a bifurcation point to lead the solution from the primary path to the secondary
path. The bifurcation analysis was firstly introduced by Riks [14], who termed it a con-
tinuation method. He analysed the post-bifurcation behaviour of an elastic thin-shell
structure using an arc-length method. His method [14] is most commonly used in the
bifurcation analyses of elastic structures [15–17]. Kim et al. [18,19] introduced bifurca-
tion theory in an analysis of wrinkling during the sheet metal forming process. They
analysed puckering in a spherical cup deep drawing process [18] and wrinkling in a
cylindrical-cup deep drawing process [19]. The non-bifurcation analysis was introduced
by Koiter [20], who termed it a perturbation method. Bellini and Chulya [21] proposed
an improved automatic incremental algorithm (an improved arc-length control method)
and analysed the post-buckling of a hinged cylindrical shell with a central load and a
slanted column. They employed geometric and load imperfections to change the bifur-
cation problem to a limit point problem. Casciaro et al. [22] analysed the post-buckling
behaviour of a long slender elastic structure using initial load imperfections. The non-
bifurcation analyses have also been utilized in the sensitivity analyses of structures
[23,24].
In this study, the spring-back displacement is predicted from both bifurcation and
non-bifurcation analyses. In an experimental study, it is shown that there is more than
one bifurcation mode during the spring-back of the outer case of washing machine.
Three different spring-back shapes after forming are experimentally observed with the
same tool geometry and forming conditions. Therefore, it is assumed that there are
several bifurcation points nearby and that the final deformed shape can be dramatically
Philosophical Magazine 1915
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changed by a small deviation of the process conditions such as the amount of friction
and the original position of the blank. In a simulation of the spring-back with a bifurca-
tion algorithm (the continuation method), only one spring-back shape is obtained, as the
analysis is carried out along the secondary path at the first bifurcation point. To get
additional post-bifurcation solutions, non-bifurcation analyses are then carried out using
four different initial guesses of eigenmodes to represent initial imperfections. Several
possible spring-back shapes and the preferred spring-back shape are successfully
obtained.
2. Formulation of continuum-based resultant shell
For the analyses of sheet metal forming and elastic recovery, the CBR (continuum-
based resultant) shell element developed by Yoon et al. [25,26] is introduced. Yoon
et al. [25,26] expanded the elastic-nonlinear continuum based resultant (CBR) shell the-
ory of Stanley [27] to cover the elastic–plastic regime based on the incremental defor-
mation theory. They also implemented the planar anisotropy of sheet metal and
analysed the sheet metal forming processes. In this chapter, the concept of the CBR
shell used in the analysis is briefly explained.
2.1. CBR shell formulation
The variational form of the equation of motion for the static problem is given as
Z
v
odui
oxj r ijdV 
Z
C
duihidC¼ 0; ð1Þ
where C is the surface on which the traction, hi, is given, and r ij is the Cauchy stress.
The linearized equation of Equation (1) for the Newton–Raphson solution procedures
can be derived as follows:
Z
v
odui
oxj Cijkl
oDuk
oxl dV þ
Z
v
odui
oxj r jl
oDui
oxl dV ¼
Z
v
odui
oxj r ijdV þ
Z
C
duihidC ð2Þ
The left-hand side of Equation (2) represents the material stiffness and geometric
stiffness, and the right-hand side refers to the internal and external force vector.
The physical spatial region of the shell element is described with the coordinates
(ζ, ξ, η) as shown in Figure 1. The chosen reference laminar surface is the mid-surface
of the top and the bottom continuum surface. The position vector x is then defined as
xðn; g;~zÞ¼ Xðn; gÞþ ~zx_ðn; gÞ; ð3Þ
where ~zðn; g; f Þ¼ f hðn; gÞ=2. The chosen reference surface xðn; gÞis the mid-surface of
the top and the bottom continuum surface:
xðn; gÞ¼ xðn; g; f ¼ 0Þ ð4Þ
1916 J.-B. Kim et al.
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In Equation (3), x_ is the unit fibre vector emanating from the mid-surface and h is
the shell thickness. Equation (3) prescribes a linear ~z-dependence of the position in the
thickness direction. This constrains the fibre vector to remain straight, but not necessar-
ily normal to the reference surface. Thus, transverse shear deformations are permitted in
a manner similar to that explained in the theory of Mindlin.
A unique local Cartesian coordinate system is constructed at each node and is used
as a reference frame for rotation increments. One direction of the frame coincides with
the fibre direction (see Figure 2). In Figure 2, and the fibre coordinate basis vector in
this direction is denoted as e3p
_ f and the remaining basis vectors are denoted as e1p
_ f . The
linearized relationship between the components of Dx_p in the fibre coordinate system
and the incremental rotations takes on the following form:
Dx_ p ¼ e2p
_ f e1p
_ f
h i Dhf1p
Dhf2p
" #
¼ T
_ f
p
 
Dhf1p
Dhf2p
" #
ð5Þ
With this equation, the incremental displacement components in the fibre coordinate
system are obtained by the matrix transformation of incremental rotations. The
transformation matrix is composed of the fibre basis vectors. By this relationship, the
(a)
(b)
Figure 1. Continuum-based shell element: (a) construction of a typical shell element and (b)
shell geometry.
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number of nodal degrees of freedom can be reduced from six to five in the matrix
incremental equilibrium equations.
2.2. F inite element formulation
The assembled finite element matrix equation is derived from the linearized continuum
equations:
ðKmatl þ KgeomÞDu ¼ Fext  Fint ð6Þ
In Equation (6), Fext is the assembled external force vector, and Kmatl and Kgeom are
the assembled material and geometric stiffness matrices, respectively. Fint is the assem-
bled internal force vector. The element stiffness matrices and element load vectors are
defined as
ðFintp Þ
e ¼
Z 1
1
Z 1
1
½Tfp
T½BpT½SdetðjÞdndg; ð7Þ
ðKmatlpq Þ
e ¼
Z 1
1
Z 1
1
½Tfp
T½BpT½D½Bq½TfqdetðjÞdndg; ð8Þ
and
ðKgeompq Þ
e ¼
X3
i¼1
Z 1
1
Z 1
1
½Tfp
T½HipT½S0½Hiq½TfqdetðjÞdndg; ð9Þ
where
j ¼
oxl
on
oxl
og
oyl
on
oyl
og
" #
¼ ðe
l
1 enÞ ðel1 egÞ
ðel2 enÞ ðel2 egÞ
 
; ð10Þ
Figure 2. Typical nodal fibre basis.
1918 J.-B. Kim et al.
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and
en ¼ x;n eg ¼ xg:
In Equations (8)–(10), Bp and Hip represent the strain displacement and the dis-
placement gradient matrices, respectively. In the internal force operator of Equations
(8)–(9), the vector of stress resultants, [S], can be expanded as the following sum of the
membrane resultant (n), bending resultant (m) and transverse-shear resultant (q):
½S¼
n
m
q
2
4
3
5 ¼
R
~z½r xx r yy r xy
Td~zR
~z½r xx r yy r xy
T~zd~zR
~z½kx r zx kzyr xy
Td~z
2
64
3
75; ð11Þ
where the subscripts x, y and z denote the laminar coordinate system at the integra-
tion points, and kx and ky are the shear correction factors. In the material stiffness
operator of Equation (8), the matrix of the constitutive resultant, [D], is given as
follows:
½D¼
DðmÞ DðmbÞ 0
DðbÞ 0
sym DðsÞ
2
4
3
5 ¼
R
~z C
ðpÞ
1 d~z
R
~z C
ðpÞ
1 ~zd~z 0R
~z C
ðpÞ
1 d~z 0
sym
R
~zCðsÞ1 d~z
2
64
3
75: ð12Þ
Here, the coupling between the in-plane component and the transverse-shear compo-
nent is neglected; i.e. D(ms) = D(bs) = 0. In Equation (12), CðpÞl is the 3 3 in-plane con-
stitutive matrix and CðsÞl is the 2 2 transverse shear constitutive matrix. In the case of
elasticity, CðpÞl and C
ðsÞ
l are given as follows:
CðpÞl ¼
E
1 v2
1 v 0
V 1 0
0 0 1v2
2
4
3
5; CðsÞl ¼
kG 0
0 kG
 
ð13Þ
In these equations, k is the shear factor and G is the shear modulus. In the
geometric stiffness operator in Equation (9), the stress resultant matrix [S′] can also be
partitioned in a resultant-oriented manner.
½S0¼
n m q
m m0 q0
qT q0T 0
2
4
3
5; ð14Þ
where
Philosophical Magazine 1919
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n ¼
nxxl nxyl
nxyl nyyl
 
¼
Z
~z
r xxl r xyl
r xyl r yyl
 
d~z;
m ¼
mxxl mxyl
mxyl myyl
 
¼
Z
~z
r xxl r xyl
r xyl r yyl
 
~zd~z;
m0¼
m0xxl m0xyl
m0xyl m0yyl
" #
¼
Z
~z
r xxl r xyl
r xyl r yyl
 
~z2d~z;
q ¼
qxl
qyl
 
¼
Z
~z
kxr zxl
kyr zyl
 
d~z;
and q0¼
q0xl
q0yl
" #
¼
Z
~z
r zxl
r zyl
 
~zd~z:
2.3. Elastic–plastic stress integration
In the CBR shell formulation discussed before, it is effective in that the elastic–plastic
stress integration is performed only for the in-plane stress components (σxx, σyy and σxy)
while assuming that the transverse shear is negligible. The increment of the Cauchy
stresses then becomes
Dr^ ¼ C^
e
D^ee ¼ C^
e
ðDe^ De^pÞ: ð15Þ
The incremental relationship of Equation (15) is wholly expressed in a material-
embedded coordinate system, where ‘^’ in Equation (15) denotes the Lagrangian quan-
tity. In order to follow the minimum plastic work path in the incremental deformation
theory, the proportional logarithmic plastic strain needs to remain normal to the yield
surface at representative stress, r^ nþ að¼ r^ nðt0Þþ aDr^ ðt0 þ DtÞÞ.
De^p ¼Dep oror^ nþ að cm^nþ aÞ; ð16Þ
where c ¼ Dep and m^nþ a ¼ oror^ nþ a.
In Equation (16), r and Dep are the effective stress and the increment of the effec-
tive plastic strain, respectively, and α is a numerical parameter (0 6 a 6 1). For the
yield criterion, Hill’s quadratic normal anisotropic yield criterion [28] is employed. The
yield criterion is defined as
/ ð^r ;epÞ¼ r ð^r Þ qðepÞ6 0; ð17Þ
where qðepÞ denotes the work-hardening curve. The stress potential for the normal
anisotropic yield criterion of Hill [28] is written as
1920 J.-B. Kim et al.
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r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ð1 þ 2RÞ
ð2 þ RÞ
r ijr ij 
R
1 þ 2R
r 2kk
 s
: ð18Þ
where R is the normal anisotropic coefficient.
3. Bifurcation analysis dur ing spr ing-back
3.1. Forming process description for the outer case of an washing machine
An outer case of a washing machine is manufactured by 90° of bending along the dotted
line shown in Figure 3. The central region then becomes the backside cover, and the top
and bottom regions become the side walls. Embossing shapes on both regions of the side
wall are formed to mitigate vibration and to give a good appearance. The depth of
embossing (2.5 mm) is very low compared to the area, as shown in Figure 3. The form-
ing of the outer case consists of two sheet metal forming stages. In the first stage, the
piercing of the outer edge and a hole is followed by the forming of the central region. In
the second stage, the embossing shapes on both regions of the side wall are formed.
After the forming of the embossing shapes, severe spring-back takes place. Figure 4
shows the spring-back shape after the second stage of forming. As shown in Figure 4,
the shape of the formed panel after spring-back is not symmetric whereas the embossed
shape is almost bilaterally symmetric. This phenomenon implies that instability occurs
during elastic recovery and that the instability can enlarge the spring-back displacement.
Therefore, the instability is investigated in detail by a finite element analysis.
As mentioned in the previous phrase, only the central region of the blank is formed,
while both sides of the wall region are mostly not deformed in the first forming stage.
The forming depth is 15 mm and spring-back is not severe. In the second stage of form-
ing, the embossing shapes of a small depth are formed only on both regions of the side
wall and spring-back is severe. Considering the computational efficiency, a finite ele-
ment analysis is carried out only for the second stage of forming. In the second stage
550
79
0
Domain
Boundary (BND)
(b)(a)
Figure 3. (colour online) Drawings of the outer case of a washing machine after (a) the first
stage of piercing and forming and (b) the second stage of embossing (with an embossing depth
of 2.5 mm).
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of forming, moreover, the central region remains nearly un-deformed and both wall
regions of the outer case are symmetric. Therefore, only one region of the side walls,
i.e. the region marked in Figure 3 as ‘Domain’ , is subjected to an analysis with the
assumption that the deformation of the central region does not affect the deformation of
the side wall.
Figure 5 shows the tool shapes and the sheet meshes used in the analysis. The
punch and the die are described analytically in the analysis. The sheet blank is discret-
ized by 8568 quadrilateral shell elements and 8763 nodes. The region near the punch
and die shoulders is discretized with fine meshes. For an accurate description of the
deformation, the element should be sufficiently small in the die and punch shoulder
region. In an analysis with various element sizes in the shoulder region, it was shown
that the ratio of the element size to the shoulder radius should be smaller than or equal
to 0.25. Therefore, the ratio of the element size to the shoulder radius in the punch and
(a)
(b) (c)
Figure 4. (colour online) Three different spring-back shapes after the second stage of forming
(W= 110, R= 5, D = 2.5 mm; see Figure 12 for notations): (a) mixed mode of the first and the
second modes, (b) the third mode and (c) the fourth mode.
Punch
Sheet
Die
Figure 5. (colour online) Tool and sheet meshes used in the analysis.
1922 J.-B. Kim et al.
D
ow
nl
oa
de
d 
by
 [D
ea
ki
n 
U
ni
ve
rs
ity
 L
ib
ra
ry
] a
t 1
7:
22
 0
1 
M
ay
 2
01
4 
die shoulder region is set to 0.2. A symmetric boundary condition is imposed on the
nodes located at the boundary edge to the central region, i.e. the edge denoted by
‘Boundary (BND)’ in Figure 3. Mild steel is used and the material characteristics of the
sheet are shown in Table 1. Hill’s quadratic normal anisotropic yield criterion [28] is
employed.
3.2. Bifurcation algorithm
Figure 6 shows a typical load-displacement curve of a bifurcation and a non-bifurcation
problem. In the bifurcation problem of a perfect structure, as shown in Figure 6, the
stiffness matrix of the linearized finite element equation (the left-hand side of Equation
(6)) becomes singular at a bifurcation point (point B in Figure 6) and the solution
procedure by the Newton–Raphson method can no longer be carried out. Riks [14]
proposed a continuation method by which the post-bifurcation analysis can be carried
out along a secondary solution path. The bifurcation point and the post-bifurcation
behaviour can be analysed by the continuation method. For a conservative system, i.e.
elastic deformation with no dissipation, the change of the total potential energy ‘DP ’
due to an admissible displacement variation, δu can be written as
DPðu; duÞ¼
oP
oui dui þ
1
2
o2P
ouiouj duiduj þ : ð19Þ
Table 1. Material properties of the sheet material.
Material parameter Value
Material Mild steel
Initial thickness 1.0 mm
Young’s modulus (E) 188 GPa
Poisson’s ratio (n) 0.3
Lankford value(R) 1.7
Stress–strain relation (MPa) r = 610.5(0.0133 +e)0.26
Friction coefficient 0.1
u
P
pr imary path
secondary path
B
O
Figure 6. (colour online) Typical solution path of a bifurcation-type problem.
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The first variation of the total potential energy, oPoui, vanishes for an equilibrium point
and the second variation is positive definite for a stable system. In terms of the tangent
stiffness, therefore, the condition for stability can be written as
1
2
o2P
ouiouj duiduj ¼Kijduiduj[ 0; ð20Þ
where Kij is the tangent stiffness. Therefore, the stability limit is reached at the point
where the tangent stiffness Kij ceases to be positive definite:
det½K¼ 0 ð21Þ
The solution path after the bifurcation point should not be the primary path but the
secondary path. The trial increment of the nodal displacement along the secondary path
is given as [14]
Dus ¼ aðDup þ bvÞ ð22Þ
where a and b are the positive constants and v is an eigenvector at a singular point. It
is calculated via the Equation (23):
Kv ¼ 0 ð23Þ
In Equation (22), the constant b cannot be determined when the eigenvector is
orthogonal to the primary path. In most bifurcation problems, the eigenvector is orthog-
onal to the primary path and the incremental nodal displacement along the primary path
is calculated in an iteration procedure. Thus, the increment of nodal displacement along
the secondary path can be simply determined as
Dus ¼ a bv: ð24Þ
3.3. Spring-back analysis results using a bifurcation algorithm
Figure 7 shows the deformed shape and the stress components after a forming analysis
up to a punch stroke of 2.5 mm. The bottom edge in Figure 7(a) is the boundary edge
130
98
66
34
2
-30
-62
-94
-126
-158
-190
170
132
94
56
18
-20
-58
-96
-134
-172
-210
BNDBND
(a) (b)
Figure 7. (colour online) Stress distributions after forming up to a punch stroke of 2.5 mm: (a)
σxx and (b) σyy.
1924 J.-B. Kim et al.
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connected to the central region, which is omitted in this analysis. A symmetric bound-
ary condition is imposed on the edge. Figure 7 shows that tensile stress is induced in a
wide region and that the stress generates compressive stress for equilibrium, eventually
causing bifurcation during spring-back. Figure 8 shows the process of the spring-back
analysis using the bifurcation algorithm. In this study, the spring-back analyses were
carried out with the assumption of elastic deformation. During the spring-back analysis,
bifurcation takes place several times, as the formed sheet is in a highly unstable
condition. Figure 8(a) shows the deformed shape after the second stage of forming and
Figure 8(b) and (c) show the deformed shape and bifurcation mode at the first bifurca-
tion point during the iterative solution procedure for spring-back. Figure 8(d) and (e)
show the deformed shape and bifurcation mode at the second bifurcation point. Figure 8
(f) shows the final spring-back shape which is similar to the second bifurcation mode.
The deformed shape shown in Figure 8(f) is also similar to that of the experimental
result shown in Figure 4(a). Figure 9 shows the stress distributions after spring-back,
showing that most of the stresses are relieved. To verify the analysis results, the
deformed shape along lines A and B (see Figure 8(f)) is compared in Figure 10. The
deformed shape in the experiment is measured from the specimen shown in Figure 4(a).
The spring-back displacement in the finite element analysis underestimates the experi-
mental results. However, the resulting shapes are very similar.
UzB
A
BND
(b)(a)
(d)(c)
(f)(e)
Figure 8. (colour online) Spring-back analysis progression with a bifurcation algorithm: (a)
deformed shape after forming, (b) deformed shape when the first bifurcation takes place as shown
in (c), (d) deformed shape when the second bifurcation takes place as shown in (e), and (f) final
deformed shape after spring-back (forming depth of 2.5 mm, unit: mm).
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In the bifurcation analysis, the solution is always carried out along one of the bifur-
cation solution paths at the bifurcation point. Even in the case of a problem in which
several bifurcation points exist nearby, only one solution can be obtained. In the sheet
metal forming process, however, there are many factors that cannot be controlled pre-
cisely, such as the blank position, blank shape, material properties and frictional condi-
tion. Therefore, bifurcation can take place in different modes as shown in Figure 4.
4. Non-bifurcation analysis based on modal analysis
As discussed in the previous section, a bifurcation analysis can be used effectively if
only one bifurcation mode exists during spring-back. However, in the case of a highly
unstable problem in which more than one bifurcation mode exists in close proximity as
shown in Figure 11, the bifurcation analysis cannot give all possible bifurcation solu-
tions. The stamping of the outer case of a washing machine is one typical example.
The three different spring-back shapes shown in Figure 4 were experimentally observed
under the same forming conditions. It was considered that more than one bifurcation
130
98
66
34
2
-30
-62
-94
-126
-158
-190
170
132
94
56
18
-20
-58
-96
-134
-172
-210
BND
(a) (b)
Figure 9. (colour online) Stress distributions after spring-back: (a) σxx and (b) σyy.
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FEM_B
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Figure 10. (colour online) Comparison of the deformed shapes along edges A and B in Figure 8.
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point exists in close proximity and that the final spring-back shapes will be very sensi-
tive to the forming and unloading condition, including the conditions of the blank, sup-
port positioning and the friction. In this case, only one bifurcation solution is not
sufficient for predicting several spring-back modes which were observed experimen-
tally.
To predict several possible post-bifurcation solutions, perturbation analyses are
carried out with different initial guesses. A post-bifurcation solution is affected by the
initial imperfections and different post-bifurcation solutions can be obtained in the case
of different initial imperfections. The obtained bifurcation point by the perturbation
analysis may deviate some from that of bifurcation analysis (see Figure 11). However,
as the solution proceeds, the post-bifurcation solution in the perturbation analysis
approaches the bifurcation solution, as shown in Figure 11. Therefore, the post-bifurca-
tion solutions obtained by the perturbation analyses can be considered as reliable.
4.1. Modal analysis for the generation of the initial guess
The initial guesses for the post-bifurcation analyses are obtained by a modal analysis
with a deformed shaft after forming. The equation for the modal analysis is shown
below.
ð½K k2½MÞf / g ¼ 0 ð25Þ
In Equation (25), [K] is the stiffness matrix, [M] is the mass matrix, {/ } is the
eigenvector, and λ is the eigenvalue. To remove the effect of locally concentrated stres-
ses, all of the stress components are set to zero in the modal analysis. Among many
mode shapes, the four lowest modes are used as initial guesses. Figure 12 shows the
four lowest mode shapes. In the first modal shape, the modal displacement increases
almost linearly from left to right. In the second modal shape, the modal displacement
increases from the boundary edge (BND) to the other side. The third and fourth modal
shapes are similar to a saddle along the longitudinal and diagonal directions,
u
P
pr imary path
secondary pathB
O
Bifurcation Solution
Non-bifurcation Solution
C
D
E
F
G
Figure 11. (colour online) An example with several bifurcation points nearby and a
non-bifurcation solution path.
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(a) (b)
(c) (d)
BND
BND
Uz
Figure 12. (colour online) Modal analysis results after forming: (a) the first mode shape, (b) the
second mode shape, (c) the third mode shape and (d) the fourth mode shape.
Mode number
(a)
(b)
Mode number
E
ig
en
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e
E
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e
Figure 13. (colour online) Comparison of the eigenvalues for various tooling dimensions: (a)
W= 110 mm and (b) W= 130 mm.
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respectively. In all of these modal shapes, the directions of modal displacement can be
opposite. Figure 13 shows the five lowest eigenvalues for different geometries. In each
case, the first eigenvalue is close to the second eigenvalue and the third eigenvalue is
close to the fourth eigenvalue. As shown in Figure 12, the first and the second modes
are not dependent on the forming depth of the embossed shape in the second stage of
forming. These two modes are related to rigid body rotation. Accordingly, the first and
second eigenvalues also are almost identical. However, as the mode number increases,
the eigenvalues deviate more. This can affect the bifurcation behaviour and spring-back
displacement.
4.2. Spring-back analysis results with initial guesses along the eigenvector
Spring-back analyses were carried out four times with four different initial guesses
along the eigenvector shown in Figure 12. In order to find a better tooling design and
to reduce the amount of spring-back displacement, a parameter study was carried out
for the design variables shown in Figure 14. In Figure 14, W and D denote the width
and depth of the embossing shape, respectively, and R is the radius of the corner. The
analyses were carried out for two levels for W and D, and three levels for D. Therefore,
12 cases in total were subjected to the analysis with four different initial guesses for
each problem. Figure 15 shows the spring-back results with different initial guesses for
the case of W= 110 mm, R= 5 mm and D = 2.5 mm.
The spring-back shapes are not similar to each modal shape used as the initial
guess, but they are similar to the combined modal shapes. To confirm this, the typical
combined modal shapes are shown in Figure 16. Figure 16(a), (c), (e) and (g) are the
W
D
R
Figure 14. (colour online) Design parameters for the parameter study.
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summed modal shapes of the two modes, and Figure 16(b), (d), (f) and (h) show the
subtracted modal shapes. The spring-back shape obtained from the initial guess along
the first modal shape (see Figure 15(a)) is similar to the combined mode shape shown
in Figure 16(f). This indicates that the spring-back takes place in a combined mode of
the first and the fourth modal shapes. The deformed shapes obtained from the initial
guesses along the third and the fourth modal shapes (see Figure 15(c) and (d)) are very
similar to the combined modal shapes shown in Figure 16(h) and (a), respectively. The
spring-back shapes observed from the experiment (see Figure 4) can also be matched to
Uz(a)
(b)
(c)
(d)
Uz
Uz
Uz
Figure 15. (colour online) Spring-back shapes obtained with the initial guesses along (a) the first
mode, (b) the second mode, (c) the third mode and (d) the fourth mode.
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one of these modes. The shape shown in Figure 4(a) is similar to the mode shown in
Figure 16(a). The shapes shown in Figure 4(b) and (c) are similar to the mode shapes
shown in Figure 15(d) and (c), respectively.
By comparing the spring-back shape with the original and combined modal shapes,
the modes in which spring-back takes place can be determined. Table 2 summarizes the
results of the 48 analyses. In Table 2, ‘Uz,max–Uz,min’ denotes the difference between
the maximum and minimum displacements in the z-direction, (P) refers to the summed
mode and (M) is the subtracted mode. In many cases, more than one spring-back shape
is observed. With a forming depth of 2.5 mm, the solution path is considered to be very
complex and has many bifurcation solutions. When the forming depth is 1.5 mm or
3.5 mm, however, the solution path is considered to be not as complex as the forming
depth of 2.5 mm and one or two bifurcation solutions are obtained. Although four
analyses were carried out here with different initial guesses, all of the spring-back
shapes shown in Figure 4 cannot be achieved (W= 110 mm, R= 5 mm, D = 2.5 mm).
Among three observed spring-back modes, two spring-back modes, those shown in Fig-
ure 4(a) and (b), are successfully predicted. The bifurcation solution is sensitive to the
(a) (b)
(c) (d)
(e) (f)
(g) (h)
Figure 16. (colour online) Combined mode of the primary modal shape: (a) the summed mode
of the first and the second modes, (b) the subtracted mode of the second from the first modes, (c)
the summed mode of the first and the third modes, (d) the subtracted mode of the third from the
first modes, (e) the summed mode of the first and the fourth modes, (f) the subtracted mode of
the fourth from the first modes, (g) the summed mode of the second and the third modes and (h)
the subtracted mode of the third from the second modes.
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design parameters, and small modifications of these can lead to major differences.
Through the bifurcation analyses, it is demonstrated that the spring-back displacement
is small when bifurcation takes place in a higher mode. It is also shown that a more sta-
ble and better tooling design can be obtained. When the corner radius is 5.0 mm and
the forming depth is 3.5 mm, only one bifurcation mode is observed and the spring-
back displacement is very small compared to the other results. This outcome can be
used for the new design of an outer case.
To investigate these phenomena from a mechanical viewpoint, the elastic recovery
energy is compared. Bifurcation during spring-back is severe when the spring-back
direction is not even. In other words, when the spring-back direction is not even, bifur-
cation can take place and the spring-back displacement can become severe. Therefore,
Table 2. Results of the parameter study. ‘Uz,max–Uz,min’ denotes the difference between the
maximum and minimum displacements in the z-direction, (P) refers to the summed mode and (M)
is the subtracted mode.
D = 1.5 mm D = 2.5 mm D = 3.5 mm
Guess Output Uz,max–Uz,min Output Uz,max–Uz,min Output Uz,max–Uz,min
mode Mode (mm) Mode (mm) Mode (mm)
W= 110
R= 05 (mm)
1 2 + 4
(P)
22.90 1 + 3
(M)
35.15 2 + 4
(M)
3.75
2 2 + 4
(P)
22.50 1 + 4
(M)
16.33 2 + 4
(M)
3.68
3 2 + 4
(P)
22.89 1 + 2
(P)
14.72 2 + 4
(M)
3.91
4 2 + 4
(P)
22.63 2 + 4
(M)
10.48 2 + 4
(M)
3.35
W= 110
R= 10 (mm)
1 1 + 3
(P)
24.06 1 + 2
(P)
39.61 1 + 2
(P)
36.12
2 1 + 3
(P)
24.70 4 29.52 2 + 4
(M)
25.94
3 1 + 3
(P)
24.21 4 28.02 2 + 4
(M)
26.32
4 1 + 3
(P)
24.83 1 + 2
(P)
39.75 2 + 4
(M)
26.06
W= 130
R= 05 (mm)
1 1 + 3
(M)
24.57 2 + 4
(P)
16.00 2 + 4
(M)
3.58
2 2 + 4
(M)
11.51 1 + 2
(P)
22.57 2 + 4
(M)
3.17
3 1 + 3
(M)
24.71 1 + 2
(P)
22.60 2 + 4
(M)
3.59
4 2 + 4
(M)
11.50 1 + 2
(P)
22.43 2 + 4
(M)
3.56
1 2 22.91 3 25.01 1 + 2
(P)
31.12
W= 130
R= 10 (mm)
2 2 22.84 1 + 3
(P)
30.66 1 + 2
(P)
31.68
3 2 22.14 1 + 3
(P)
30.53 3 19.99
4 2 23.36 4 23.39 2 + 4
(M)
15.83
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the elastic recovery energies along the principal stress directions are calculated after
forming, as follows:
Et ¼
Z
1
2
r 21
E
dV ð26Þ
0.0
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Figure 17. (colour online) Comparison of the maximum displacement differences and energy
ratios for various tooling dimensions: (a) D = 1.5 mm, (b) D = 2.5 mm and (c) D = 3.5 mm.
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EC ¼
Z
1
2
r 22
E
dV ð27Þ
In Equations (26) and (27) E is the elastic modulus, and Et and Ec are the elastic
recovery energy according to the principal major stress and principal minor stress,
respectively. The ratio of Et–Ec is used as a measure of the unevenness of the spring-
back. The energy ratio and the maximum displacement difference are shown in
Figure 17. As the forming depth increases, the geometric constraint becomes high.
Consequently, a comparison of the absolute values of the spring-back displacement at
different forming depths is meaningless. There is a reasonable correlation between the
ratio of the elastic recovery energy and the spring-back displacement in the same form-
ing depth. In this case, the spring-back displacement decreases as the ratio of Et/Ec
decreases.
5. Conclusions
Bifurcation instability is observed during the spring-back of an outer case of a washing
machine. To analyse the spring-back with bifurcation, a bifurcation algorithm is intro-
duced. The bifurcation mode and the final deformed shape after spring-back are in good
agreement with the experimental results. The experimental results, however, show that
there can be more than one post-bifurcation solution during the spring-back. To obtain
multiple post-bifurcation solutions in a spring-back analysis, a modal analysis was car-
ried out after forming and the results of the modal analysis were used as the initial
guesses in the spring-back analysis. Through this analysis, several post-bifurcation solu-
tions can be obtained. It is shown that spring-back takes place not only in primary
modal shape but also in a combined mode of these shapes. To obtain a better tooling
design, additional spring-back analyses were carried out for various tool dimensions
and punch strokes. These results show that the spring-back displacement is small when
spring-back takes place in a higher mode of bifurcation. By comparing all of the analy-
sis results, the tool dimensions and punch stroke that provide a more stable solution
and a small amount of spring-back displacement are determined. Finally, it is shown
that the spring-back displacement decreases as the ratio of the tensile elastic recovery
energy to the compressive elastic recovery energy decreases.
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